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R E F L E C T I V E  P O W E R  O F  T W O - P H A S E  M E D I A  O F  

C Y L I N D R I C A L  G E O M E T R Y  

K. S. A d z e r i k h o  a n d  N.  V. P o d l u z h n y a k  UDC 535.36 

The br ightness  of the radiat ion re f lec ted  f ro m  a cyl inder  fil led with par t i c les  of known optical  
p r ope r t i e s  is considered.  The dependence of the re f lec t ive  power on the optical p rope r t i e s  of 
the medium and the exper imenta l  conditions is investigated in the s ing le -sca t te r ing  approxima-  
tion. The l imi ts  of applicabil i ty of the method a re  es t imated.  

In de termining  the re f lec t ive  power of two-phase media of cyl indr ical  geomet ry ,  the approximation most  
commonly used is that of Eddington (see [1, 2], for  example).  As shown in [3, 4], it may co r r ec t l y  be used to 
calculate the emiss ive  cha rac t e r i s t i c s  of two-phase media of nonplanar geometry .  However ,  when ex te rna l  
radiat ion is incident on a finite two-phase medium,  the use of the Eddington approximation r equ i r e s  pa r t i cu la r  
caution, espec ia l ly  for  media of optical  thickness T ~ 1-3. In the p re sen t  work ,  the s ing le -sca t te r ing  approxi-  
mation is used to calculate the re f lec t ive  power of such media and its dependence on the optical p roper t i e s  of 
the medium and the exper imenta l  conditions is analyzed. 

The solution of the r ad i a t i on - t r ans f e r  equation in a two-phase medium may be wri t ten  in the fo rm (see 
[5l, for  example) 

5 S 

/(s, I )=  ' (0,  I ) exp[ - - !a ( s ' )ds ' ]  + 0 S d(s') exp[--, i"(s'!ds"]ds'" (1) 

Here  I(s,  1) is the radiat ion intensi ty at  the point s in the d i rec t ion 1 = l(O, 9); I(0, 1) is the intensity of 
the ex te rna l  radiat ion;  J(s) is the emiss ive  power of an e l ementa ry  volume of the medium; ~ = ~ + ~ is the 
attenuation coeff icient ,  equal to the sum of the absorpt ion and sca t te r ing  coefficients .  

Since J(s) depends on I(s ,  1) in the sca t te r ing  medium,  Eq. (1) may only be solved by numer ica l  methods. 
Limit ing considerat ion to the case of single (nonmultiple) sca t te r ing ,  a solution of the problem may be obtained 
by replacing J(s) in Eq. (1) by the distr ibution function for  the sources  c rea ted  by the ex te rna l  radiation. In the 
case  of nonplanar media ,  the in tegra l  t e r m  in Eq. (1) r equ i r e s  special  considerat ion.  Its physical  meaning in 
the context of single sca t te r ing  is fa i r ly  s imple.  It  is the sum of the contributions of the radiat ion f rom each 
point of the medium in a given d i rec t ion ,  taking into account attenuation. 

Consider  a medium of cyl indr ical  geometry  containing par t i c les  of known optical p roper t i es .  The chosen 
coordinate sys tem is shown in Fig. la :  the x axis ,  f rom which 77 is measu red  is chosen in the plane containing 
the d i rec t ion of the externa l  radiat ion and the cyl inder  axis.  The angles ~ and ~0 are  posi t ive when measured  
in the counterclockwise d i rec t ion  and negative in the opposite case. The angle 0, charac te r iz ing  the d i rec t ion 
of observat ion of the sca t t e red  radiat ion,  is measu red  f rom the z axis. It is simple to show that ,  fo r  normal  
incidence of the ex te rna l  radia t ion,  the distr ibution of radiat ion sources  in the cyl indr ical  medium is given by 
the re la t ion 

S = S ( r ,  q, 1) 1 j =  = -a  4~ p (V) I0 exp [-- T (r, •)], (2) 

where  I 0 is the ex te rna l - rad ia t ion  intensity in the d i rec t ion 10 =10(00, ~o0); P(7) is the sca t te r ing  index for  an e l e -  
menta ry  volume; 7 is the angle between the incident and observed  radiation;  ;~ = r + ~) is the probabil i ty of 
survival  of a quantum; ~nd: 
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Fig. i. 
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4 

Choice  of  c o o r d i n a t e  sys tem.  (a) and  d i a g r a m  of  o b -  
s e r v a t i o n  of  s c a t t e r e d  r a d i a t i o n  (b). 

T (r, ~]) = ~ (]/-R 2 - -  r a sin 2 ~ + r cos ~), (3) 

wh i l e  R i s  the  c y l i n d e r  r a d i u s .  

Note  t ha t  i n c i d e n c e  of  the  e x t e r n a l  r a d i a t i o n  a t  s o m e  angle  00 to the  c y l i n d e r  s u r f a c e  m a y  be t a k e n  into 
a c c o u n t  i f  r i s  r e p l a c e d  by r / s i n  00, and  the r e f l e c t i v e  p o w e r  de pe nds  not  on 0 and 00 but  on y. 

In t he  c a s e  0 = 0 o r  0 = lr the  s o l u t i o n  m a y  be o b t a i n e d  d i r e c t l y  f r o m  the  r a d i a t i o n - t r a n s f e r  equa t ion  

w r i t t e n  in a c y l i n d r i c a l  c o o r d i n a t e  s y s t e m  

s ( 2 )  I0 exp ( - -  I#  T~ - -  xz sinZ~l - -~ cos~l), (4) I(T, ~, O, ~0)[0=0, n = - ~  p 

w h e r e  err = r and a R  = T O a r e  the  v a r i a b l e  and t o t a l  o p t i c a l  r a d i i  of the  c y l i n d r i c a l  m e d i u m .  

C o n s i d e r  the  c a s e  when the r a d i a t i o n  s c a t t e r e d  by a c y l i n d r i c a l  m e d i u m  is  o b s e r v e d  in a p l a n e  p e r p e n d i -  
c u l a r  to the  c y l i n d e r  ax i s  (F ig .  lb ) .  I t  f o l l ows  f r o m  F ig .  l b  tha t  f o r  an a r b i t r a r y  d i r e c t i o n  of o b s e r v a t i o n  

~h = I1 q- arccos ~-o sin~cP - -  cos (p / \ To / , 

cos qi = - -  cos 01 q- 2cp), sin ~h = - -  sin (~1 § 2(9). (6) 

The  i n t e n s i t y  of  the  s c a t t e r e d  r a d i a t i o n  a t  s o m e  po in t  m = M ( r ' c o s  rT', r '  s in  ~ ')  is  

I s  = Po exp {--  ]/-to - -  y'z - -  x'}, 

w h e r e  O0 = (k/4~)P(Y)I0 i s  a p a r a m e t e r  c h a r a c t e r i z i n g  the bu lk  s c a t t e r i n g  of the  m e d i u m .  T a k i n g  into accoun t  the  
c o n t r i b u t i o n s  of  the  r a d i a t i o n  f r o m  e a c h  po in t ,  a t t e n u a t e d  o v e r  the  pa th  to the  po in t  N,  the  r a d i a t i o n  a t  the  po in t  
N i s  g iven  in the  s i n g l e - s c a t t e r i n g  a p p r o x i m a t i o n  by the e x p r e s s i o n  

~: COS rl 

I('~, r 1, O, q~)lo= ! 9o ~" e x p { - - ] /  2 ,.~ (7) = o, T0 - -  9 - -  x '  - -  I M N [ }  dx'. 
2 "go cos I I I  

W r i t i n g  the  equa t ion  of the  s t r a i g h t  l ine  N1N in the  f o r m  y = b l x  + bz, w h e r e  

bl = " r s i n q ~ % s i n ~ l ~ ,  b2 = To'c sin Oh - -  ~]) , (8) 
T cos r I -- T O COS ~lt T COS ~l - -  TO cos ~h 
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F i g .  2. D e p e n d e n c e  of  i = - 'L/2P0v 0 on  the  o p t i c a l  
thickness v0((a ) and its angular distribution (b): 
a) q = 0 (1) ,  ~/2 (2) ,  ~ (3); b) r o = 0 . 1 2 5  (1) ,  0.5 
(2) ,  1 .0  (3);  0 = l r /2  f o r  t h e  c o n s t a n t  c u r v e ,  ~/3 
f o r  t h e  d a s h - d o t  c u r v e ,  a n d  ~ /6  f o r  t he  d a s h e d  
curve. 

E q .  (7) takes the  f o r m  

T cos I] 

Xo--(b~x 7- b2)Z--x' - -  b3!xcos~ - - x ' l }dx ' ,  b3 = V ~ 1 + b~ (9) Z (x, rl, 0, ~0)Io=_~t = Po x~ r exp { - -  ] /  o , , 

In  c o n s i d e r i n g  t h e  c a s e  0 g , r / 2 ,  i t  i s  n e c e s s a r y  to  t a k e  in to  a c c o u n t  t he  c h a n g e  in  the  o p t i c a l  l e n g t h  of  
s c a t t e r i n g ;  i . e . ,  in  Eq .  (7) IMNI m u s t  b e  r e p l a c e d  b y  JMN[/s in  0. T h e n  the  f i n a l  e x p r e s s i o n  f o r  t he  i n t e n s i t y  of  the  
radiation propagating in a cylindrical medium, taking into account single,scattering processes, is* 

I (r, ~1, O, ~) = Io 6 (1 o - -  1) exp { - -  V x~ --~:z sin2~l _ z cos ~} + 
. .  (io) 

I ;  Cos 11 

J + kp (y) io exp {--  V x ~  - (blx' + b2) ~ - -  x'  - -  b i I �9 cos 11 - -  x'  1 } dx', 
4~ sin 0 

"C o COS 1111 

where b 4 = by/sin 0. 

The first term in this expression determines the attenuation by the cylindrical medium of the external 
radiation in the direction I = I0. 

When ~ + ~0--- ~/2, 3~/2, i.e., for observation in directions close to the y axis, y must be used as the vari- 
able of integration. Then Eq. (10) is replaced by the following expression: 

I (x, ~1, 0, tp) = lo6 (I o - -  I) exp { - -  ] /Xo  - -  x2 sin2q _ ~ cos ~1} + 

~i. n (lOa) 

_L, 4nXP(Y)sin0 I~ ~ exp{ - -V 'Tr~ - -Y ' z - - ( c ' g '  + c 2 ) - -  c31"csinn--Y'l}dy" 
~o s in  "lit 

w h e r e  

x cos rl - -  T o cos ~ll TOT sin (TI - -  rh) 
c~---- ; c a =  ; (11) 

sin ~t - -  ro sin ~1 x sin q - -  % sin ~1 

V 1 + c~ 
C 3 

sin 0 

* T h i s  r e l a t i o n  m a y  be  g e n e r a l i z e d  w i t h o u t  d i f f i c u l t y  t o  the  c a s e  of  i n h o m o g e n e o u s  m e d i a .  
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Fig. 3. Azimuthal distr ibut ion of intensity 
of  s ing ly  scattered radiation f o r  ff = 0 (e 0 = e=  
~/2):  1) 70 =0 .125;  2) 0.25;  3) 0.5; 4) 1.0; 5) 
2.0. 

S ince  s c a t t e r e d  r a d i a t i o n  i s  u s u a l l y  o b s e r v e d  a t  d i s t a n c e s  much  g r e a t e r  than  the r a d i u s  of the c y l i n d r i -  
ca l  m e d i u m ,  the d e t e r m i n a t i o n  of  the t o t a l  s c a t t e r e d - r a d i a t i o n  i n t e n s i t y  r e q u i r e s  s u m m a t i o n  o v e r  ~ in Eqs .  (10) 
and  (10a) 

N 

I(T O , 'I, 0)== l_l_ I T o , il-b- ~-, 0, ~ �9 
2N 

n=0 

In the  p r e s e n t  c a l c u l a t i o n s  N = 9 w a s  u s e d .  The  d e p e n d e n c e  of the func t ion  i =i(:r0, 7, 0) = (a/2P0r0)I(r0, 
77, 8) on the  o p t i c a l  r a d i u s  T O i s  shown in F i g .  2a.  When  the  r a d i a t i o n  i s  o b s e r v e d  in the  p l ane  of i n c i d e n c e  of 
the  e x t e r n a l  r a d i a t i o n  (7/= 0 ~ a t  v a r i o u s  a n g l e s  0, the  i n t e n s i t y  of the  s c a t t e r e d  r a d i a t i o n  r e a c h e s  a m a x i m u m  
c l o s e  to T O ~ 0.6-0.8.  F o r  a p l a n e  l a y e r  T O ~ 0.5 (the c u r v e  m a r k e d  by the un f i l l ed  c i r c l e s )  and in add i t i on  the  
change  in i n t e n s i t y  i s  s h a r p e r .  In [6] i t  w a s  shown tha t  f o r  k = 1 the  i n t e n s i t y  of doubly  s c a t t e r e d  r a d i a t i o n  i s  
ha l f  t ha t  of  s i n g l y  s c a t t e r e d  r a d i a t i o n  f o r  " r e f l e c t i o n "  and tw ice  tha t  of  s i n g l y  s c a t t e r e d  r a d i a t i o n  f o r  " t r a n s -  
m i s s i o n .  " F o r  t r a n s m i s s i o n ,  i t s  m a x i m u m  i s  in the  r e g i o n  T O ~ 0 .75-0 .80 .  T h e r e f o r e ,  in c a l c u l a t i n g  the r e -  
f l e c t i v e  p o w e r  of  a t w o - p h a s e  m e d i u m  r e s t r i c t i o n  to the  s i n g l e - s c a t t e r i n g  a p p r o x i m a t i o n  l e a d s  to an e r r o r  of 
25-30% f o r  ~ =180  ~ Wi th  d e c r e a s e  in k = ~ / (n  + ~), the  e r r o r  d e c r e a s e s  in p r o p o r t i o n  to  ~/(2 + k). In the  c a s e  
of  t r a n s m i s s i o n  f o r  k ~ 1, i t  i s  n e c e s s a r y  to r e s t r i c t  c o n s i d e r a t i o n  to v a l u e s  70 ~ 1. F o r  ~0 > 1 and ~ = 0 ~ the  
p l a n e - l a y e r  a p p r o x i m a t i o n  m a y  be u s e d  to c a l c u l a t e  the  r e f l e c t i v e  p o w e r  of a t w o - p h a s e  m e d i u m  [5]. F o r  o b -  
s e r v a t i o n  f r o m  the  s i de  (~? = 7r/2) t h e r e  i s  a m a x i m u m ,  but  fo r  70 ~ 2 ,5-3 .0  the  i n t e n s i t y  i s  a l m o s t  unchanged .  

The  a n g u l a r  d i s t r i b u t i o n  of i(70, 7 ,  8) when ~'0 < 1 i s  a l m o s t  s p h e r i c a l  (Fig .  2b) and  t h e r e f o r e  the d i s t r i b u -  
t ion  of the l i gh t  f i e l d  in the  s i n g l e - s c a t t e r i n g  a p p r o x i m a t i o n  w i l l  m a i n l y  be d e t e r m i n e d  by- the va lue  of P0, i . e . ,  
the  s c a t t e r i n g  index  f o r  an e l e m e n t a r y  v o l u m e  of the  m e d i u m .  F o r  T 0 ~ 1, the d e g r e e  of a n i s o t r o p y  of the  
s c a t t e r e d - r a d i a t i o n  d i s t r i b u t i o n  

i (~ = 0) 

i (~ = ~) 

r e a c h e s  ~ 0 . 6 ,  i . e . ,  the  f r a c t i o n  of  b a c k - s c a t t e r e d  r a d i a t i o n  b e c o m e s  l a r g e r  than in the  d i r e c t i o n  of p r o p a g a -  
t ion  of  the  e x t e r n a l  r a d i a t i o n .  

In c o n s i d e r i n g  the  d e p e n d e n c e  of  (1/P0)I(T , 77, 0,  q~) on q~, a f a i l  in the  s c a t t e r e d  r a d i a t i o n  with  i n c r e a s e  in 
is  s e e n  in the  c a s e  of o b s e r v a t i o n  f r o m  the d i r e c t i o n  of  the  i n c i d e n t  r a d i a t i o n .  When ~ = 0 ~ the  g e o m e t r y  of 

the  s c a t t e r i n g  m e d i u m  i s  s i g n i f i c a n t :  a t  the c e n t e r  (9 = 0~ t h e r e  i s  a m i n i m u m  even  fo r  70 = 0.5 b e c a u s e  of the  
l a r g e  a t t e n u a t i o n  (F ig .  3). The  da ta  shown in F ig .  3 a l s o  i n d i c a t e  tha t  the  r e s u l t s  d i f f e r  c o n s i d e r a b l y  f r o m  bulk  
s c a t t e r i n g  c h a r a c t e r i z e d  by the p a r a m e t e r  P0 = (L/4u)P(Y)I0. 
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N U M E R I C A L  S O L U T I O N  O F  A N O N S T E A D Y  D I F F E R E N T I A L  

E Q U A T I O N  O F  H E A T  C O N D U C T I O N  

V. M. K a p i n o s  a n d  Y u .  L .  K h r e s t o v o i  UDC 536.24.02 

The use of a "floating" weight is suggested in the numer ica l  solution of a parabol ic  different ia l  
equation of heat  conduction with var iable  coefficients  in in tegra l -mean  t em p e ra tu r e s ,  used in 
the calculat ion of the rma l  expansions of turbine components.  Recommendat ions  a re  given for  
the de terminat ion  of the opt imum weights.  

Heat-conduct ion prob lems  which a re  reducible  to one-dimensional  p rob lems ,  pa r t i cu la r ly  in the calcula-  
tion of the distr ibution of the in tegra l -mean  t em p e ra tu r e s  of turbine components for  the determinat ion of the i r  
t he rma l  expansions [1, 2], lead to the following sys tem of d i f ferent ia l  equations: 

l_l_. O.._~O = L O + G ( z ,  x), ~' = ~.(z, "0, O ~ z < ~ H ,  O ~ x . < T ;  (I) 
a cgT 

0 0  _ v o ( , ) 0 - -  Yo , - - - v ~  ; (2 )  
Oz Oz = 

01~=0 = % (z) ,  (3) 

where I ~  = a2O/az 2 + A ( z ,  T)av~Oz - B ( z ,  T)D, A ,  ]3, G ,  v, and/~ are assigned functions (B and v > 0); a is the 
coeff icient  of t he rma l  dfffusivity. 

The sys tem (1)-(3) will  be solved numer ica l ly  on the grid 

~ha~ = ~h • ~a~ ={(ih, ]AT), i = 0, 1, 2 . . . . . .  n, 
(4) 

j=O, 1, 2 . . . . .  i , J  

with steps h = H/n and AT = T/ jm.  

Designating the value of the unknown grid function at  the node (z i j )  as 0i, j and introducing the requ i red  
number  ~ of rea l  p a r a m e t e r s ,  also grid functions in the general  case ,  we obtain a p a r a m e t r i c  family of dif-  
fe rence  schemes  approximating the sys tem (1)-(3). 

The approximation of Eq.(1) on a s ix-point  pa t te rn  is wr i t ten  as 

l 0  T = h * 0 ~ + ~ h ,  O < i < n ,  0 ~ j ~ ] m ,  (5) 
a 

where  0 r = ( 0 j  + t  - 0j)Ar, A* =A + ~ l  - B, A0i = (0i+t - 20 i +0j-l)/h2, l0 i = (0i+l  - Oi-1)/2h are  l inear  ope ra -  
t o r s  while 071 = ~0j +t + (1 - ~)0j. 

The coefficients  of Eq. (1) a re  de te rmined  for  each t ime l aye r  with its weight 

7X = ~IxXj+~ + (I - -  nx) Xj, X = A, B, G. (6) 

Trans la ted  f rom Inzhenerno-Fiz icheski i  Zhurnal ,  Vol. 34, No. 2, pp. 319-327, Feb rua ry ,  1978. Original 
a r t i c le  submitted December  31, 1976. 

216 0022-0841/78/3402- 0216507.50 �9 1978 Plenum Publishing Corporat ion 


